1. We roll two dic X 1is the result of one of them and Z the sum of the results. Find
[Z\XJ nd E[X\Z]
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2. Homework 1.A. m Let (€2, F, P) be the probability space where 2 = [0, 1|, F

is the Borel o-algebra and P is the Lebesgue measure on it. Define the random variables
X(w) = 3w? and Y(w) = I(w € [1/2,1]) — I(w € [0,1/2)) for any w € Q. What is

E(X|Y)?
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3. Let @ = {-1,0,+1}, F = 2% and pu({-1}) = u({0}) = pu({+1}) = 1/3. Consider also
the sub-o-algebras

G ={0,{-1},{0,+1},Q}, H={0,{-1,0},{+1},Q}.

Let X : & — R be the random variable X(w) = w. Compute E(E(X|G)|H) and
E(E(X[H)[F).
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4. Let X;, 5 =1,2,... be iid. random variables with common distribution P(X; = —1) =
P(X; =+1)=1/2 and let S, = X1 + -+ + X,,. Compute the conditional expectations
E(X;|Sn), E(S,|X1) and E(S7,,,[Sn).
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5. Homework 1.B. Suppose that the random variables X,Y, Z are jointly
defined on a probability space. Prove that

(a) BE(X) = E(E(X]Y)),
(b) E(Y|Z) = E(E(Y|X, 2)|2).
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6. Prove the following general version of Bayes’s formula. Given the probability space

(2, F,P) and let G be a sub-o-algebra of F. Let G € G and A € F with P(A) > 0. Show

that
fP (A|G)dP

- G
PG4 = [P (A|G)dP
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7. Prove the conditional variance formula
Var(X) = E [Var(X|Y)] + Var (E [X]|Y])

where Var(X|Y) = E [X?|Y] — (E[X|Y])*.
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8. Let Xy, Xs,... beiid. random variables and N be a non-negative integer valued random
variable which is independent of X;, © > 1. Prove that

Var (Z XZ-> = E [N] Var(X) + (E [X])*Var(N).
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9. Let X be a random variable. Assume that Y is another random wvariable for which
P(Y=0orY =1) = 1. Prove that Y € o¢(X) iff there exists a ¢ : R — R Borel
measurable function such that Y = p(X).
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11. Homework 1.C. fm) Let Y € o(G). Prove that

E[X|G]>Y <= VAcGE[X 14 >E[Y - 14].
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13. Let X,Y € L'(Q, F,P) satisfying

E[X|Y] =Y and E[Y|X] = X.

Show that P(X =Y) = 1.
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14. Homework 2.A. (W() Let N, be the counting process of a Poisson point process
with rate A = 1. (See section 2.2 in the book R. Durrett: Essentials of Stochastic Processes
for the definition.) Find E [N;|Ns] and E [Ny|N].
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15. Homework 2.B. W Let S, := X7 +---+ X,, where X, Xy, ... are iid. with
X1 ~ Exp(1). Verify that
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Mn = X Sn
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is a martingale with respect to the natural filtration F,,.
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16. Homework 2.C. m For every 1 = 1,...,m let {]\/[T(f)} be a martingale

n=1

with respect to {.7:7,}2 .- ohow that M, := max ]\/[,L is a submartingale with respect to

1<i<m
{Fn}.
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