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" the results of the rollofthe

dices
. Z = X+ Y X IE[Y] ?, X are indepen

a) LEEZIX]=FEXX]= X+
Ent

A

-

b
.)[X1z]=ELYIE] ; lELXIEJHECYESFELII]=Z.
lE[X/Z]= Z



I

mus

· Godd

-We 3 - ....... ⑨

Kul ·(4)=50, 82, In, [23
1 if we (k , 1] Y

1 .....

oututio ( = [ C

-·2
-

~

-L =
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solution pr is the uniform distribution on es= 2-1, 0, 13. G= 20, E-13 , 50, B, eas
H= 50

,
- 1, 03

,
[13
,
203
,
X(w) : =w. Y:=[X16], YEG

,
Side =So

·

GeG
G = 201) ; Cz = 0 . 5 +17 7 =c= EX16]=[
6= 5- 13 %. + = - 1.3 = d= -1

↑

IEUX18]:LIECX15318][-03 The
computationa·- 1 · (1)+==

ELIE2X 18931G] is similar.
6 -
-- - 1

-
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Solution ELXi/Sn]FEIXilSu]
, iFj, jzn.XilSISn]= ElSuISul =Sin

Hence
, E[X11Sn]=Su . IELSuIX] =ELXIX]+ IE(Xj(X,] = X+(n-17]= Xe.

j=2 OECSumISu] = ELSntS YISulEntzIE[SciSnmISuSt]=Sto+ m-n.n
,m

·Xn+m mu

-
Us 43U

,
=S ; U= SELS nim : Kul =SELso =0

Ur
WUs =E2Sum (Sn) = ESim .T=<S."=EXM

2k

Sn
,m
= Xn+1 = +Xn+m
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Solution We know that ELX:AS=ELLEXIP;A) ifAEY. We apply this for A =% .
This proves

Now we prove. We use parties.&⑫= YEXI* forborodoud We we Fts].
G=5(z) ; G=5(X , z)

, T ,G .

We prove thatIXIG1 = ELELX1G2]1E1E↳It is enough to show that TOWER PROPERTYE
FAC : ELECECTIGE]NA]=ELIECY1E] · /A)since conditionalexpectation
- ① twice

- ---
Caltwice ②

isModo
unique.

ELECECTIGIGNA]=CELIE[17137]ELYARJECIE21/AY18,7)
*
= HELIE2Y13] :1A].



AEY
Solutio LetsP(A1)=[11G] we know
by the def of the conditional expectation that

S

IP(GIAl=AG)
IPCA)

IPAGI= IEC1A : GJ=E[A] =SIP(A1)dir
6

SIPLAIGdP=SECAIG] MID=SNAOUP=PA
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Solution 1 [Var(XIxis]]me

t
-

2

Vow(IE[X(v))=53-(133)
zu

E(X]

-2x1(5)(5) - xE2x3)2 addingup these
:

LVor(X(4]+VorCe[X1v])=E-Now(X).



Solution z= ↓ ECZIN]=?
EEZIN=1=E2.XiIN=23 = WELD .

SoZI=NEED ntjudep.
Var(ZIN]ECzN]-(. ELXiIN=n]=CXiJnE(X]N. /E[X]ELIX(=]=ELING FEED=Ex 2

Vor [ZI = n) =ELEYN=n]-(ELEIN=n)= nE(X 3)+ um-1)E(X])-n(E(X])
2

~

IEE*E(X3)
Var(z)N]=N- Var(X) .

= n([X= -E2X3/Y= evaw(x)

Var(E2Z/N)) = Var(N : ELX3] = EEXP.Vor (N). So,

=EINVOICEXSVo.
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Solution = G(X)E54 : IR- Bore Y= 4(x).
Let 7 : 20, 13-> IR be the Cantor function

,g(x) : =x+f(x) . Then 8 : (0,1-20,23continz# Let VIR be open . YWES (Borel) . Then X(Y()ER nuoles on Co, 1) and : 20,2 - 20, 13
is cont. Let be theTriedic Cantor

=> Ye5(X) => [= 135(X)
. Then Je Borelset

set. Then m(g(())= 1 . 32 no-
measurable DCg(C

.
Then

ATR such that EP= 13 =EXEA3
. Then E:= j(p)<C .

So m(El=0
.
Let

W =11A · Hence Yal =1w)·
h(x1:11 . The

So hog'is20(x =(1ifxD 3 Not Leb . mea-1 o otherwise susable
.his Leb

. measurable, is cont.
the other hand if A :R-IR

Leb .measurable & g : IR+IR isConti-
wasY then got is Leb . measurable[
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assumption# ECIE[X1G] ; A)=ELX ; AJ
.

(E(X
; AJ=EYE[X18] ; AJ ZELY

; Al.
E We assume thatGale]ze119].. Let Agi23.&-
o 1E((X - Y) . 1) =1E(X-11]-12PA =IECEIXIE] · 1A-ELYHAs]=LLECX1]M. HA2]
< IP(Az) · [E) . This implies that IPAz) =0, E30.
:=An PA=liPA=0PLEXI=



I A simple observation :

If IP(X#1)To then
either*-CQ : 1P(X=,) O or
ICEQ : /P (V24X70

.

solution IE[X-Yic
,
=CHE[X-Y; X= c,]=[X-Y, Y= C]

A

#)=(p(4-axi)P(X= Y) = /(P(X(, Yz)+1P(i2, X --C) . Fixace we prove-CEQ↓ 1

A -Observe that[S=3)=ELEY]] = OELX-4)-Navch] . Bythis& this1 I
0=((X- i) = 1(xxc

,
y=c

J↳ -SHECX-Y)1x13. Similarly, -*** ado

J
ino = 12(y- x) - 1qa]=x=E* Au

·Exis] Si
U o summands cancelout
D j me

Hence XceQ :
0= 1P(X>

,
Yc) =1P((

,
X=)= 1P(X)=0.
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Another example : u = 220
,1 x B : BER(8, 13) 3.

6,1) .
It (1,1)

- -↑ --(x, &,m)= (20,/20,
1) l -

G
Ge

f(u)

7
&

n⑳F-algebraoir Co
,i

N
-

-

- 1- f(u)
-

Question E(1(c] =?
10
,01 ↳

D

0,%

Solution Let f(z) = Ey + ! . Then C= [11) : OXf(y), ye,
13

Let G(x , ]) : = f(g). Then G is Bowe measurable and constant on every horizontal
interval 20, 1x193 .

Hence G is it-measurable
·

Let Next. Then U= 20, 1 X B,
fora BER, 20, 13 . Then

(6(x,y)xoyyofig =Lb(lU =
YEB

-B
Hence

,
G(X,3) is it-measurable (SG(,y)dxoy = ()1),(x,3)dxdy

That is , Lebz-a .
C.

[0,12 [0, B
↳ IE[11c /ut](x,gEG(x,4) ·
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See File (slide 16 in my Stochastic Processer cause 2013. This yields that
Solution N()-Poi(1)

, N(l-Poi(I)
,
NETN) - Poi(1)

,
N(el@N(2l-NH) are independent.

-

N12l = N(1) +Nis
, where NH &N'l are to ind Poi 2. 0. So,

EIGS/N(2/]=ENC) NCes+NG5] =M
EIN()(NUD = IE(N12I-NCDSINGITENINGD=1+N(1)

↑

-
IE[N(2)-N()] = 1

N(1)



·Al

·

Solution o <Mr
.

We want to prove thattoo.tng
6

We know that the sem of n independent Exp(X) isa Gamma (n , x)Whose densi-

by function is thiforto and0 for10. In our cae- So, the densito
&

function of Su is futtGet if so Here Entero if to
a

d since (HEdt== 0 -(1) = 1
G

&

So
, ELMn] <00 .

⑯ My is adoptive.n)This is obvious since we can compute the value
[Max/Enj=Mu

, Ein Namely,
ofMr From the value of Su= Xet . - - +Xu

Su S EIMn
+ /EnTE mSu exam)F]XnExp(1)

=(n+1)!Sen =n +Sun dx =(n+D1Its= Mr
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A

Solution We know that MnEFn&LIMn1] <00 by the definition weprove:
En]= Ma. Mis martingale

XLMutlFu] = ECmox Mu] mexEMu]=mox MM
im


